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xy ĉy�s

!
+ ↵ks

#)2

+
MIX

k=1

Ẑk
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Potential (sum of perfect squares) Coupling of fermions to Ising fieldKinetic

ØModel can be specified at minimal programming cost

ØMPI/OpenMP implementation

ØFortran 2003 standard

ØSU(Ncol) symmetric in colors Ncol

ØArbitrary Bravais lattice for d=1, 2

ØBlock diagonal in flavors, Nfl

ØParallel tempering, projective and finite T approaches

M. Bercx, F. Goth, J. S. Hofmann and F. F. Assaad, SciPost Phys. 3 (2017), 013.
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ØContinuous fields

ØHybrid molecular dynamics

Ø Langevin dynamics

Ø Imaginary time dependent Hamiltonians

The role of electron-electron interactions in two 
dimensional Dirac fermions 

Ho-Kin Tang, J. N. Leaw, J. N. B. Rodrigues, I. F. Herbut, P. Sengupta, F. F. Assaad, and S. Adam,
Science 361 (2018), no. 6402, 570–574.
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one needs a larger onsite potential to get the same effective critical Hubbard potential. Second, while the Hubbard potential

favours an antiferromagnetic ground state, the nearest neighbour potential favours instead a charge density wave ground state.

By including the long-range piece, one needs a larger onsite potential to stabilize the antiferromagnetic phase. Both these pictures

are confirmed in our renormalization group calculation (shown as the red curve in the figure) and discussed in the supplemental

material (7). The shaded region in the figure is inaccessible to our method because the quantum Monte Carlo does not converge

here due to a breakdown of the method we use to incorporate the long-range Coulomb potential. In light of this, the fact that the

phase transition line goes to the right when ↵ is increased is fortuitous for us, since this opens up a large parameter space for our

simulations.
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Figure 2: Dirac fermion Fermi velocity renormalized by electron-electron interaction. Projective quantum Monte Carlo simu-
lations done for different short-range (U ) and long-range (↵) components of the Coulomb interaction. Small U/Uc(↵) defines
the weak coupling regime, where Monte Carlo data for different ratios � of the long-range and short-range components collapse
when plotted as a function of ↵. Here electron-electron interactions enhance the Fermi velocity in agreement with the random
phase approximation for Dirac fermions (left inset). A metal-to-Mott insulator phase transition of the Gross-Neveu universality
class occurs at U = Uc(↵), where a suppression of Fermi velocity can be understood as the coupling between Dirac fermions and
the bosonic excitations of the nascent antiferromagnetic state (the brown star is an estimate of this Fermi velocity suppression
determined using spin-wave theory). The right inset shows that QMC data for the change in Fermi velocity from the value at the
Gross-Neveu point collapses as one moves away from the phase transition. Our numerics span the full cross-over between the
weak coupling fixed point and Gross-Neveu critical point. Estimates place topological insulators close to the phase transition,
while quantum corral-like honeycomb lattices are in the weak coupling limit. Graphene Dirac fermions lie somewhere in between
these two regimes.
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Quantum Monte Carlo Simulation of Frustrated Kondo Lattice Models
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The absence of the negative sign problem in quantum Monte Carlo simulations of spin and
fermion systems has different origins. World-line based algorithms for spins require positivity of
matrix elements whereas auxiliary field approaches for fermions depend on symmetries such as
particle-hole symmetry. For negative-sign-free spin and fermionic systems, we show that one can
formulate a negative-sign-free auxiliary field quantum Monte Carlo algorithm that allows Kondo
coupling of fermions with the spins. Using this general approach, we study a half-filled Kondo
lattice model on the honeycomb lattice with geometric frustration. In addition to the conventional
Kondo insulator and antiferromagnetically ordered phases, we find a partial Kondo screened state
where spins are selectively screened so as to alleviate frustration, and the lattice rotation symmetry is
broken nematically.

DOI: 10.1103/PhysRevLett.120.107201

Introduction.—Unconventional, highly entangled
states can arise if one starts from a system with a
large, perhaps infinite, ground state degeneracy, and
then perturb it slightly to lift the degeneracy. Fractional
quantum Hall systems clearly fall in this category—at
any fractional filling the noninteracting problem of
electrons in Landau levels has an infinite number of
ground states in the thermodynamic limit. Perturbing
this system with interactions leads to a particular
superposition of these ground states that corresponds
to fractional quantum Hall states. Geometrically frus-
trated spin systems provide a different class of similar
phenomenon. As an example, consider a square lattice
where each link ij that connects vertices i, j hosts a
spin-1/2 spin Ŝi;j which interact via the Hamiltonian
Ĥclassical ¼ J

P
i;j;k;l∈□Ŝ

z
ijŜ

z
jkŜ

z
klŜ

z
li. This model has an

extensive ground state entropy. Now consider a per-
turbed model: Ĥquantum ¼ Ĥclassical þ ϵŜxi . For nonzero
ϵ ≪ 1, the ground state of this new model is identical to
that of Kitaev’s celebrated toric code [1]: it corresponds
to an equal weight superposition of the ground states
of Ĥclassical. Motivated by these examples, we ask what
phases emerge when a geometrically frustrated spin
system is coupled to fermions. In this Letter, we will
describe a quantum Monte Carlo (QMC) algorithm that
allows one to study a large class of frustrated magnets
Kondo coupled to fermions, and demonstrate the algo-
rithm by studying a specific model that exhibits new
partial Kondo screened (PKS) phases.
For concreteness, consider the following Hamiltonian

of interacting fermions and spins, Ĥ ¼ ĤSpin þ ĤFermion þ
ĤKondo, where

ĤSpin ¼
X

i;j

½JzijŜzi Ŝzj þJ⊥ijðŜþi Ŝ−j þ H:c:Þ&;

ĤFermion ¼
X

x;y;σ

ĉ†xσTx;yĉyσ þ
X

x

U
!
n̂x;↓ −

1

2

"!
n̂x;↑ −

1

2

"
;

ĤKondo ¼
X

i;x

JKi;x
2

ĉ†x½σz · Ŝzi −ð−1ÞxðσþŜ−i þ σ−Ŝþi Þ&ĉx.

ð1Þ

Here the spin 1/2 local moments (electrons) Ŝi ½ĉ†x ¼
ðĉ†x;↑; ĉ

†
x;↓Þ& reside on a graph with sites labeled by i, j (x, y).

Jzij, J
⊥
ij defines the potentially frustrated spin model and

Tx;y the hopping matrix elements of conduction electrons
subject to electron correlations modeled by a Hubbard U
term [2]. The local moments and electrons interact via the
Kondo coupling JKi;x. For the sake of generality we have
included the phase factor ð−1Þx in the Kondo coupling.
This phase factor plays no role if the transverse spin
interaction is bipartite, or if the Kondo coupling includes
conduction electron only on one sublattice.
It is natural to ask when such Hamiltonians do not suffer

from the “sign problem” [3,4], which can make it impos-
sible to simulate quantum systems using finite resources
[5]. There are two potential sources of the sign problem:
the fermions and the geometrical frustration of spins.
Conventionally, these difficulties are tackled in two very
different ways. If the fermions were at half-filling on a
bipartite lattice, then one can employ a determinantal
QMC approach to solve this problem [4,6–8], whereas
for spins, if the condition J⊥ij < 0 is met (which still allows
for geometrical frustration [9,10]), then one can employ a
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from the “sign problem” [3,4], which can make it impos-
sible to simulate quantum systems using finite resources
[5]. There are two potential sources of the sign problem:
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Conventionally, these difficulties are tackled in two very
different ways. If the fermions were at half-filling on a
bipartite lattice, then one can employ a determinantal
QMC approach to solve this problem [4,6–8], whereas
for spins, if the condition J⊥ij < 0 is met (which still allows
for geometrical frustration [9,10]), then one can employ a

PHYSICAL REVIEW LETTERS 120, 107201 (2018)

0031-9007=18=120(10)=107201(6) 107201-1 © 2018 American Physical Society

world-line QMC or stochastic series expansion [3].
Therefore, it is not obvious how one should approach this
problem in the presence of the Kondo couplingJK between
the fermions and spins. So far all published studies of
frustrated Kondo lattice systems have been limited to
nonexact methods, such as mean-filed theory [11], dynami-
cal mean-field theory [12,13], slave-particle mean-field
theory [14,15], large-N methods [16,17] and variational
Monte Carlo calculations [18–20]. There have also been
studies where spins are treated classically [21], and which
therefore do not capture the physics of the Kondo screening
(i.e., EPR singlet formation between spins and electrons),
which is an inherently quantum phenomena. Finally, there
has also been progress in simulating a class of models of
fermions interacting with geometrically frustrated quantum
spins [22–25]. However, the corresponding algorithm is
restricted to spin density-density interactions between local
moments and electrons, and does not allow for Kondo
coupling between spins and fermions.
In this Letter, we will develop an algorithm to solve

Hamiltonians of the form in Eq. (1) using QMC calculations
when Ĥspin and Ĥfermion are each sign problem-free within
bosonic (i.e.,J⊥ij < 0) and fermionicQMC(i.e.,Tx;y defines a
bipartite graph), respectively. The main innovation is the
reformulation of the bosonic problem as a fermionic one
by writing spins in terms of Abrikosov fermions [26]:
Ŝ ¼ 1

2 f̂
†σ f̂ , where f̂ † ¼ ðf̂†↑; f̂

†
↓Þ is a two-component

fermion with the constraint f̂ † f̂ ¼ 1. The constraint is
implemented exactly by adding Hubbard term
Ufðf̂†↑f̂↑ − 1

2Þðf̂
†
↓f̂↓ − 1

2Þ, and taking the limit Uf → ∞.

Most importantly, the total Ĥ, including the Kondo coupling
ĤKondo, does not have a sign problem either. This is a
consequence of the existence of an antiunitary symmetry
under which the Hamiltonian Ĥ is invariant [27]. The
demonstration of the absence of the sign problem builds
on Ref. [28,29] and is detailed in the Supplemental
Material [30].
The relevance of this class of models to heavy fermion

phenomenology alluded above is worth elaborating upon. A
simple picture to capture the global phase diagram of heavy
fermionswas provided byDoniach [31]. For a single impurity
Kondo problem, the crossover to the spin-singlet state takes
place at the Kondo temperature TK ¼ De−1/½2NðEFÞJK %, where
NðEFÞ is the conduction electrons’ density of states at the
Fermi level EF, JK is the exchange interaction between the
localized impurity and the conduction electrons, and D is
the conduction electrons bandwidth [32]. Now consider a
dilute matrix of such local moments. The conduction elec-
trons will mediate long-range RKKY exchange interaction
between the local moments whose scale is given by the
temperature TRKKY ∝ðJKÞ2NðEFÞ. When TK ≫ TRKKY,
one obtains the heavy fermion liquid state, which is the
many-body analog of the single impurity’s spin-singlet

ground state. In contrast, in the opposite limit, the spins
are likely to order resulting in an antiferromagnetic metal.
However, as hinted above, there is a growing list of materials
such as CePdAl, Pr2Ir2O7, YbAgGe, YbAl3C3, and
Yb2Pt2Pb [33–37], where one observes phases which do
not easily fit into either of the two limits Doniach considered.
The microscopies of these materials suggest that geometrical
frustration plays a crucial role in their phenomenology.
Therefore, one is motivated to consider a phase diagram
where geometrical frustration is an axis in addition to the
Kondo coupling.
Case study.—For concreteness, we consider the follow-

ing model (see Fig. 1):

ĤSpin ¼ Jz
X

⟪i;j⟫

Ŝzi Ŝ
z
j; ĤFermion ¼ −t

X

hi;ji;σ
ĉ†iσĉjσ;

ĤKondo ¼ JK
X

i

1

2
ĉ†i σĉi · Ŝi: ð2Þ

In this special case J⊥i;j ¼ 0, and the spins and conduction
electrons reside on the same honeycomb lattice so that we
can use the same indices from spins and conduction
electrons. Furthermore, the canonical transformation Ŝ&i →
−ð−1ÞiŜ&i ; Ŝzi → Ŝzi will remove the factor ð−1Þi in the
Kondo coupling of Eq. (1). ĤFermion and ĤKondo account for
the generic Kondo lattice model on the honeycomb lattice.
ĤSpin is geometrically frustrating since it couples antiferro-
magnetically local moments on the two underlying triangular
Bravais lattices defined on the next-nearest-neighbor sites
⟪i; j⟫ of the honeycomb graph.While this term breaks down
the SUð2Þ total spin symmetry to Uð1Þ, time reversal
symmetry, essential for the Kondo effect, is present.

FIG. 1. Phase diagram with in-plane antiferromagnetic
(xy-AFM), out-of-plane partial Kondo screening (z-PKS), spin-
rotation symmetry breaking partial Kondo screening (xyz-PKS),
and Kondo insulator (KI) phases from QMC simulations at
T ¼ 0.025. Diamonds indicate onset of long-range order; solid
(open) symbols are critical values based on L ¼ 6 and 9 (L ¼ 9
and 12), (see text). Insets: Model and schematic local moment
structure in each phase.
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Interplay of Kondo, RKKY 
and geometric frustration
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Confinement transition of Z2 gauge theories coupled
to massless fermions: Emergent quantum
chromodynamics and SO(5) symmetry
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We study a model of fermions on the square lattice at half-filling
coupled to an Ising gauge theory that was recently shown in
Monte Carlo simulations to exhibit Z2 topological order and mass-
less Dirac fermion excitations. On tuning parameters, a confining
phase with broken symmetry (an antiferromagnet in one choice
of Hamiltonian) was also established, and the transition between
these phases was found to be continuous, with coincident onset
of symmetry breaking and confinement. While the confinement
transition in pure gauge theories is well-understood in terms of
condensing magnetic flux excitations, the same transition in the
presence of gapless fermions is a challenging problem owing to
the statistical interactions between fermions and the condens-
ing flux excitations. The conventional scenario then proceeds via
a two-step transition, involving a symmetry-breaking transition
leading to gapped fermions followed by confinement. In contrast,
here, using quantum Monte Carlo simulations, we provide further
evidence for a direct, continuous transition and also find numer-
ical evidence for an enlarged SO(5) symmetry rotating between
antiferromagnetism and valence bond solid orders proximate to
criticality. Guided by our numerical finding, we develop a field
theory description of the direct transition involving an emergent
nonabelian [SU(2)] gauge theory and a matrix Higgs field. We
contrast our results with the conventional Gross–Neveu–Yukawa
transition.

fractionalization | confinement | deconfined criticality |
emergent symmetry | antiferromagnetism

C lassical and quantum phase transitions have traditionally
been studied in the framework of the Landau–Ginzburg–

Wilson (LGW) paradigm. Phases are distinguished on the basis
of whether they preserve or break global symmetries of the
Hamiltonian. Two distinct phases can be separated by a con-
tinuous phase transition only when one of them breaks a single
symmetry, which is preserved in the other.

More recently, studies of correlated quantum systems have led
to many examples of important physical models displaying phase
transitions that do not fit this familiar paradigm. We can have
continuous quantum phase transitions between phases that break
distinct symmetries (1). On allowing for topological order, sev-
eral new types of quantum phase transitions become possible.
We can have continuous phase transitions between a phase with
topological order and a phase without topological order, both of
which preserve all symmetries: the earliest example of this is the
phase transition in the Ising gauge theory in 2 + 1 dimensions
described by Wegner (2). We can also have continuous quan-
tum transitions between phases with distinct types of topological
order, and many examples are known in fractional quantum Hall
systems (3, 4). We can have a continuous transition from a phase
with topological order to one with a broken symmetry (5–7).
Finally, we can have phase transitions between a Dirac semimetal
and various gapped states, including a symmetric gapped state

without topological order dubbed symmetric mass generation
(SMG) (8–13).

Theories of these transitions all involve quantum-field theo-
ries with deconfined emergent gauge fields. The presence of the
gauge fields reflects the long-range quantum entanglement near
the critical point: this entanglement is not easily captured by the
symmetry-breaking degrees of freedom or their fluctuations. The
gauge theories have varieties of Higgs and confining phases,
and transitions between these phases allow for the transitions
described above.

In this paper, we will present an example of a deconfined criti-
cal point between a deconfined phase with topological order and
a confining phase with broken symmetry. The deconfined phase
has Z2 topological order, but in contrast to conventional topolog-
ically ordered states, which are gapped, it also features gapless
fermionic excitations, with gaplessness that is protected by the
symmetries of the underlying Hamiltonian. This is an example of
a “nodal” Z2 topological order that has been invoked in the con-
text of the square lattice antiferromagnet (14) and in the Kitaev
model on the honeycomb lattice (15). Here, we will augment
the model to include both spin and charge conservation leading
to a larger number of Dirac fermions (four flavors of complex
two-component fields), which can be simulated without a sign
problem. Thus, we will be studying how the confinement tran-
sition in a gauge theory is modified by the presence of gapless
charged fermions.

Significance

Universal properties of quantum (zero-temperature) phase
transitions are typically well-described by the classical Lan-
dau theory of spontaneous symmetry breaking. A paradig-
matic counterexample is deconfined criticality, where quan-
tum interference allows for a direct and continuous transition
between states with distinct symmetry-breaking patterns, a
phenomenon that is classically forbidden. In this work, we
extend the scope of deconfined criticality to a case where
breaking of a global symmetry coincides with confinement of
a local (gauge) symmetry. Using Monte Carlo simulations, we
investigate a lattice realization of this transition. Remarkably,
we uncover emergent and enlarged global and gauge sym-
metries. These findings direct us in constructing a critical field
theory description.
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and velocity fluctuations in Dirac metals [26]. It consists of
N species of fermions on the vertices of a square lattice
interacting with quantum Ising spins that live on the links
of the same square lattice. However, in contrast to the
Hamiltonian in Ref. [25], our Hamiltonian has a local Z2

invariance, which leads to LxLy conserved operators on a
Lx × Ly lattice. Furthermore, we restrict ourselves to half-
filling; thus, at low energies, instead of a Fermi surface, we
obtain either Fermi points or no fermions (e.g., a Mott
insulator). These differences completely alter the phase
diagram of our model compared to Ref. [25].
The phase diagram for various values of N is summa-

rized in Fig. 1. For N > 1, we find that when the kinetic
energy of the aforementioned Ising spins is small compared
to the kinetic energy of the fermions, the ground state
resembles the deconfined phase of the Z2 gauge theory
coupled to 2N Dirac fermions (the N ¼ 1 case is special in
that the deconfined fermions are unstable to infinitesimal
interactions). However, as we will discuss in detail, there
is an important distinction between this phase and the
deconfined phase of a conventional Z2 gauge matter theory
(Refs. [27–29]). Namely, the local Z2 invariance in our
model is an actual symmetry of the Hamiltonian, in
contrast to the so-called “gauge symmetry” in gauge-matter
theories, which just corresponds to redundancy in the
description of the physical states. This is because we do
not project the Hilbert space of our Hamiltonian to gauge-
invariant states; that is, we do not impose Gauss’s law.
Instead, in our model, Gauss’s law in the ground state
emerges because of spontaneous symmetry breaking as the
locally conserved operators order in a certain definite
pattern. One physical significance of this result is that,
in contrast to regular Z2 gauge theory, in our model, equal-
space, unequal-time, non-gauge-invariant correlation func-
tions do not vanish identically. Furthermore, there is a
finite-temperature Ising transition corresponding to the
restoration of the aforementioned symmetry.
As the kinetic energy of the Ising degrees of freedom

is increased, we find that the aforementioned gapless
Dirac deconfined phase enters a symmetry-broken confined
phase. The nature of symmetry breaking depends on the
value of N. For N ¼ 1, it corresponds to a charge density
wave, while for N ¼ 2, because of an enlarged symmetry,
the symmetry-broken phase can correspond to a super-
conductor or a Néel AFM, depending on the sign of the
infinitesimal symmetry-breaking field. The N ¼ 3 case is
even richer. We find that after exiting the deconfined phase,
the model enters a VBS phase, and as the tuning parameter
controlling the kinetic energy of Ising spins is tuned further,
the valence-bond-solid quantum melts and yields a Néel
AFM phase. The phase transition between the VBS and
AFM phase, if second order, corresponds to a deconfined
quantum critical point [30], reported earlier in the context
of quantum magnets [31,32]. Our results are consistent
with a second-order transition.

II. MODEL AND SYMMETRIES

Our model reads

Ĥ ¼
X

hi;ji
Ẑhi;ji

!XN

α¼1

ĉ†i;αĉj;α þ H:c:
"
− Nh

X

hi;ji
X̂hi;ji: ð1Þ

Here, ĉ†i;α creates a fermion of flavor α in a Wannier state
centered around lattice site i of a square lattice, and the sum
runs over bonds of nearest neighbors. Each bond, b ¼ hi; ji,
accommodates a two-level system spanned by the Hilbert

(e)(d)

(a)

(b) (c)

FIG. 1. Schematic zero-temperature phase diagram of the
model in Eq. (1) (a), as well as cartoons (b)–(e) of a selected
number of phases. (a) We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferromagnet phase (AFM) [or a superconductor
(SC), depending on the pattern of particle-hole symmetry break-
ing], a charge density wave (CDW) phase, and a valence-bond
solid (VBS). For N ¼ 1, we do not find evidence for a Z2D phase
beyond h ¼ 0, consistent with the arguments in the main text.
The phase transitions from the Z2D to AFM/SC (N ¼ 2) and
VBS (N ¼ 3) are seemingly continuous. At N ¼ 3, we observe a
deconfined quantum critical point (DCQP) between the VBS and
AFM phases. (b)–(e) Cartoons of the corresponding phases.
Circles correspond to fermions, and the color code corresponds
to the flavor index. Circles with two colors represent a pair of
fermions on a site with corresponding flavors. The low-energy
properties of the Z2D phase resemble SUðNÞ fermions propa-
gating freely in space-time and connected by a Z2 gauge string
(b). The symmetry-broken phases correspond to the confined
phases of the model. At N ¼ 3, the AFM phase (e) has the
fundamental (conjugate) representation of SU(3) on sublattice
A (B). The corresponding Young tableaux are included. The VBS
phase (d) corresponds to a pattern of intersite SU(3) singlets.
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The c-orthogonal fermion carries
global U(1)  charge and local Z2 charge

Dirac Fermions with Competing Orders: Non-Landau
Transition with Emergent Symmetry

Toshihiro Sato,1 Martin Hohenadler,1 and Fakher F. Assaad1
1Institut für Theoretische Physik und Astrophysik, Universität Würzburg, Am Hubland, 97074 Würzburg, Germany

(Received 19 July 2017; published 7 November 2017)

We consider a model of Dirac fermions in 2þ 1 dimensions with dynamically generated, anticommuting
SO(3) Néel and Z2 Kekulé mass terms that permits sign-free quantum Monte Carlo simulations. The phase
diagram is obtained from finite-size scaling and includes a direct and continuous transition between the Néel
andKekulé phases. The fermions remain gapped across the transition, and our data support an emergent SO(4)
symmetry unifying the two order parameters.While the bare symmetries of ourmodel do not allow for spinon-
carrying Z3 vortices in the Kekulé mass, the emergent SO(4) invariance permits an interpretation of the
transition in terms of deconfined quantum criticality. The phase diagram also features a tricritical point at
which theNéel, Kekulé, and semimetallic phasesmeet. The present sign-free approach can be generalized to a
variety of other mass terms and thereby provides a new framework to study exotic critical phenomena.
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While some of the seminal theoretical works on
symmetry-brokenphases of two-dimensionalDirac fermions
date back to the 1980s [1,2], research along these lines was
boosted by the experimental realization of graphene [3]. Of
particular interest from the perspective of strongly correlated
fermions are interaction-driven phase transitions between the
semimetal and various ordered phases [4,5]. The latter
include not only the usual antiferromagnet (AFM) [6] and
charge-density-wave insulators [1] but also the more com-
plex Kekulé valence-bond solids (KVBSs) [7], as well as
quantum Hall and quantum spin Hall states [2,8,9].
Remarkably, the Dirac nature of the charge carriers changes
the nature of the phase transitions, so that the critical points
are described by Gross-Neveu field theories [10] rather than
Ginzburg-Landau-Wilson theory [11–18]. Exact quantum
Monte Carlo (QMC) simulations have played a key role for
our understanding of these phenomena.
The interplay of different order parameters is a funda-

mental aspect of many-body physics. Whereas phases with
different broken symmetries are, in general, connected by
intermediate phases or first-order transitions according to
Ginzburg-Landau theory, a third possibility exists for
quantum phase transitions, namely, deconfined quantum
critical points (DQCPs). Such DQCPs can be described in
terms of emergent spinon degrees of freedom that are
confined on either side of the transition but deconfined at
criticality [19,20]. The canonical example is the AFM-VBS
critical point of spin-12 quantum magnets on the square
lattice [19,20], which has been studied numerically using
quantum spin or classical loop models [21–23]. Competing
orders in Dirac systems have been numerically investigated
for spinless (N ¼ 1) fermions on the honeycomb lattice
[24]. While the topological Mott phase predicted by mean-
field theory [9,25,26] is destroyed by fluctuations [27], an
intricate interplay of different charge- and bond-ordered

phases is observed [27–31]. For N ¼ 2, the semimetal-
AFM transition [6,16–18,32,33] and the semimetal-KVBS
transition [34] were investigated by QMC simulations (for
the case where N > 2, see Refs. [35,36]). However, no
QMC results exist for competing order parameters because
a sign problem arises in simulations of minimal extended
Hubbard models.
In this Letter, we apply exact QMC simulations to a

model of N ¼ 2 Dirac fermions in 2þ 1 dimensions that
captures the interplay of the chiral SO(3) Néel mass term
and an Ising-type Kekulé mass term. We present the phase
diagram and evidence for a direct, second-order quantum
phase transition between the two ordered states with an
emergent SO(4) symmetry at criticality related to the
anticommuting nature of the mass terms.
Model.—To study the competition between the Néel and

Kekulé mass terms, we simulated a honeycomb lattice
model with Hamiltonian Ĥ ¼ Ĥ f þ Ĥ s þ Ĥ fs. Here,

Ĥ f ¼ −t
X

hiji;σ
ĉ†iσ ĉjσ þ U

X

i

!
n̂i↑ −

1

2

"!
n̂i↓ −

1

2

"
ð1Þ

corresponds to the Hubbard model, whereas

Ĥ s ¼ J
X

hij;kli
ŝzijŝ

z
kl − h

X

hiji
ŝxij ð2Þ

is a ferromagnetic, transverse-field Ising model defined on
the bonds hiji of the honeycomb lattice. The fermion-spin
coupling (ξij ¼ 0, % ξ; see Fig. 1) is given by

Ĥ fs ¼
X

hiji;σ
ξijŝ

z
ijĉ

†
iσ ĉjσ. ð3Þ

It defines a new unit cell with lattice vectors A⃗1 and A⃗2 and
allows for scattering between the Dirac cones and, thereby,
the Kekulé order. The full model has an SU(2) spin
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symmetry, as well as a Z2 symmetry corresponding to the
invariance under the combined operation of inversion and
ŝzij → −ŝzij. Since Ĥ fs → −Ĥ fs under inversion (or reflec-
tion across the y axis), the energy does not depend on the
sign of ξ and the two possible Kekulé patterns related by
ξ → −ξ are degenerate.
The Hubbard interaction and the spin-fermion coupling

(3) have the potential to generate the Néel and the Kekulé
order, respectively. Within the framework of Ginzburg-
Landau theory, and in the notation of Ref. [12], a minimal
low-energy theory of Dirac fermions with Néel and Kekulé
mass terms is given by the Lagrangian

L ¼
X

σσ0
Ψ̄σ

!
∂uγuδσσ0 þ

"
mAFM

m KVBS

#
·
" σσσ0
iγ5δσσ0

#$
Ψσ0 ; ð4Þ

plus a purely bosonic part Lb that captures fluctuations of
the individual masses as well as the coupling between them.
Note that the second possible Kekulé mass term on the
honeycomb lattice, iγ0γ3 [7], is forbidden in our construc-
tion since it is even under inversion.
Our Hamiltonian Ĥ captures the physics of competing,

dynamically generated order parameters described by
Eq. (4). The introduction of Ising spins is simply a means
of defining a model with the desired low-energy theory,
while at the same time avoiding the minus-sign problem
and hence opening the way to large-scale QMC simula-
tions; the absence of a sign problem is due to particle-hole
symmetry [37]. This designer Hamiltonian approach is
extremely flexible. For instance, similar sign-free models
have recently been introduced to study, e.g., nematic [38]
and ferromagnetic transitions in metals [39], topological
Mott insulators [40], and Z2 lattice gauge theories coupled
to matter [41,42].

Method.—We used the ALF (Algorithms for Lattice
Fermions) implementation [43] of the well-established
finite-temperature auxiliary-field QMC method [44,45]. A
temperature T ¼ 0.05 (with Trotter discretizationΔτ ¼ 0.1)
was sufficient to obtain results representative of the ground
state. We simulated half-filled lattices with L × L unit cells
(V ¼ 6L2 sites) and periodic boundary conditions.
Henceforth, we use t ¼ 1 as the energy unit, set J ¼ −1
and ξ ¼ 0.5.
Phase diagram.—The phase diagram shown in Fig. 2

was obtained from a finite-size scaling analysis. We
measured equal-time correlation functions of fermion spin
operators Ŝi ¼

P
σσ0 ĉ

†
iσσσσ0 ĉiσ0 , fermion bond operators

B̂ij ¼ −t
P

σðĉ
†
iσ ĉjσ þ ĉ†jσ ĉiσÞ, and Ising spin operators

ŝzij. Because of the larger unit cell, these correlators are
matrices of the form CO

iγ;jδ with site indices i, j and bond
indices γ, δ. After diagonalizing the corresponding struc-
ture factors CO

γδðqÞ ¼ 1
V

P
ijC

O
iγ;jδe

iq·ðRi−RjÞ, we calculated
the correlation ratios (O ¼ S; B; s) [46,47]

RO ¼ 1 −
λ1ðq0 þ δqÞ

λ1ðq0Þ
ð5Þ

using the largest eigenvalue λ1ðqÞ; q0 is the ordering wave
vector, q0 þ δq a neighboring wave vector. By definition,
RO → 1 for L → ∞ in the corresponding ordered phase,
and RO → 0 in the disordered phase. At the critical point,
RO is scale invariant for sufficiently large L and results for
different system sizes cross [46,47].
Figure 3 shows results atU ¼ 6. The onset of long-range

Néel order is detected from the crossing of RAFM ≡ RS
[Fig. 3(a)]. The onset of Kekulé order can be detected either
from RKVBS ≡ Rs [shown in Fig. 3(b)] or from RB. The
crossings yield a consistent estimate of the critical point of
1=hc ≈ 0.29. The same analysis was carried out for other
parameters to construct the phase diagram. The phase

FIG. 1. The model of fermions on the honeycomb lattice with
hopping t and Hubbard repulsion U, coupled to Ising spins on the
lattice bonds (the solid circles) with exchange J and transverse
field h. The couplings ξij ¼ 0, % ξ have a Kekulé modulation. The
unit cell (shaded blue) contains six fermionic sites and nine Ising
spins. The lattice vectors are A⃗1 and A⃗2.
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FIG. 2. Phase diagram with semimetallic, antiferromagnetic
(AFM), and Kekulé-ordered (KVBS) phases from QMC simu-
lations at T ¼ 0.05. Circles (diamonds) indicate the onset of long-
range Néel (Kekulé) order; open (solid) symbols are critical
values based on L ¼ 3 and 6 (L ¼ 6 and 9); see the text.
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ü Generic package for auxiliary field Monte Carlo simulations of fermion-boson lattice models

ü Efficient implementation on modern HPC systems

ü Benchmarking and golden standards

Future/ongoing developments

Simple Fermionic Model of Deconfined Phases and Phase Transitions
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Using quantum Monte Carlo simulations, we study a series of models of fermions coupled to quantum
Ising spins on a square lattice with N flavors of fermions per site for N ¼ 1, 2, and 3. The models have an
extensive number of conserved quantities but are not integrable, and they have rather rich phase diagrams
consisting of several exotic phases and phase transitions that lie beyond the Landau-Ginzburg paradigm.
In particular, one of the prominent phases for N > 1 corresponds to 2N gapless Dirac fermions coupled to
an emergent Z2 gauge field in its deconfined phase. However, unlike a conventional Z2 gauge theory, we
do not impose “Gauss’s Law” by hand; instead, it emerges because of spontaneous symmetry breaking.
Correspondingly, unlike a conventional Z2 gauge theory in two spatial dimensions, our models have a
finite-temperature phase transition associated with the melting of the order parameter that dynamically
imposes the Gauss’s law constraint at zero temperature. By tuning a parameter, the deconfined phase
undergoes a transition into a short-range entangled phase, which corresponds to Néel antiferromagnet or
superconductor for N ¼ 2 and a valence-bond solid for N ¼ 3. Furthermore, for N ¼ 3, the valence-bond
solid further undergoes a transition to a Néel phase consistent with the deconfined quantum critical
phenomenon studied earlier in the context of quantum magnets.

DOI: 10.1103/PhysRevX.6.041049 Subject Areas: Condensed Matter Physics,
Strongly Correlated Materials

I. INTRODUCTION

Ground states of strongly interacting electronic systems
can exhibit an extremely rich variety of phases. One way
to organize our understanding is to classify the zero-
temperature phases by their entanglement structure at
long distances and low energies [1–9]. Gapped phases that
possess a local order parameter are characterized by short-
range entanglement; that is, the reduced density matrix of a
large subsystem A can be understood simply by patching
together density matrices of smaller subsystems Ai whose
union is A [10]. This is no longer true for gapless phases
such as Fermi liquids [11–13] or gapped topological
phases such as a fractional quantum Hall liquid, and such
phases are thus said to possess “long-range entanglement”
[7,8,14].
Experience as well as heuristic arguments suggest that

Hamiltonians whose ground states possess long-range
entanglement are relatively difficult to simulate on a
classical computer. For example, even a phase as ubiqui-
tous and as well understood as a Fermi liquid is rather hard
to simulate numerically because fermions at finite density
with repulsive interactions tend to have an intricate sign

structure in their wave functions, leading to the infamous
Monte Carlo fermion sign problem [15–17]. Similarly,
fractional quantum Hall phases again possess a nontrivial
sign structure to their wave functions [18]; therefore, they are
so far amenable only via techniques such as exact diago-
nalization [19,20] and the density matrix renormalization
group [21], which are restricted to only small two-
dimensional systems because of exponential scaling of
numerical cost with system size. However, long-range
entangled phases exist that do not suffer from the
Monte Carlo sign problem. Two prominent examples are
(1) interacting Dirac fermions with an even number of
flavors [22] and (2) a gapped Z2 topological ordered system
such as a toric code Hamiltonian [14] in a magnetic field
[23]. The absence of a sign problem for the former is related
to the positive fermion determinant, while in the latter
case, the Hamiltonian has nonpositive off-diagonal elements
in a local basis, allowing one to sample the corresponding
Boltzmann weight efficiently [24]. In this paper, we study a
sign-problem-free model that has a ground state with
features of both of the aforementioned long-range entangled
phases together, namely, Dirac fermions coupled to a
fluctuating Z2 gauge field. By tuning parameters in the
Hamiltonian, we also study competition with symmetry-
breaking short-range entangled phases, which leads to novel,
strongly interacting, quantum critical phenomena.
Our Hamiltonian [Eq. (1)] is partially motivated by a

recent study of nematic instability of a Fermi surface [25]
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Intertwined orders in Dirac fermions
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Superconductivity from the condensation of
topological defects in a quantum spin-Hall insulator
Yuhai Liu1, Zhenjiu Wang2, Toshihiro Sato2, Martin Hohenadler2, Chong Wang3, Wenan Guo 1,4 &
Fakher F. Assaad2

The discovery of quantum spin-Hall (QSH) insulators has brought topology to the forefront of

condensed matter physics. While a QSH state from spin-orbit coupling can be fully under-

stood in terms of band theory, fascinating many-body effects are expected if it instead results

from spontaneous symmetry breaking. Here, we introduce a model of interacting Dirac

fermions where a QSH state is dynamically generated. Our tuning parameter further allows

us to destabilize the QSH state in favour of a superconducting state through proliferation of

charge-2e topological defects. This route to superconductivity put forward by Grover and

Senthil is an instance of a deconfined quantum critical point (DQCP). Our model offers the

possibility to study DQCPs without a second length scale associated with the reduced

symmetry between field theory and lattice realization and, by construction, is amenable to

large-scale fermion quantum Monte Carlo simulations.
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